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We consider theoretically a wide graphene ribbon that is attached on both ends to electronic reservoirs, which
generally have different temperatures. The graphene ribbon is assumed to be deposited on a substrate that leads
to a spin-orbit coupling of the Rashba type. We calculate the thermally induced charge current in the ballistic
transport regime as well as the thermoelectric voltage (Seebeck effect). Apart from this, we also consider thermally
induced spin current and spin polarization of the graphene ribbon. The spin currents are shown to have generally
two components; one parallel to the temperature gradient and the other perpendicular to this gradient. The latter
corresponds to the spin current due to the spin Nernst effect. Additionally, we also consider the heat current
between the reservoirs due to transfer of electrons.
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I. INTRODUCTION

Low-energy electronic states in graphene—a twodimensional (2D) hexagonal lattice of carbon atoms—are
usually described by the relativistic Dirac model [1]. The
unique transport properties of graphene, especially the high
electron velocity and the tendency to avoid electron scattering
due to the Klein effect, make graphene an excellent material for
future applications in nanoelectronics [2,3]. These properties
also facilitate practical realization of ballistic junctions based
on graphene [4,5]. Indeed, such junctions have been extensively studied in recent years [6–8]. It has been shown, for
instance, that junctions of two graphene parts corresponding
to different Rashba coupling parameters exhibit interesting
transport properties [9]. When the graphene is additionally
magnetized, e.g., due to coupling to an insulating magnetic
substrate, a large anisotropic magnetoresistance effect can then
be observed [10].
Remarkably less theoretical and experimental work has
been done up to now on the thermoelectric properties of
graphene, though interest in these properties has grown
recently [11–22]. Theoretical works were focused mainly on
the diffusion transport regime in graphene with impurities
and other structural defects. It has been shown, for instance,
that under certain conditions the Wiedemann-Franz law can
be violated in graphene [23]. Moreover, resonant scattering
from impurities with short-range potential may lead to an
enhanced Seebeck coefficient, when the chemical potential is
in the neighborhood of the resonances [24–27]. Of particular
interest are currently the thermoelectric properties of graphene
nanoribbons, which may exhibit an enhanced thermoelectric
efficiency [28–34]. This efficiency may additionally be enhanced by certain structural defects, such as antidots, for
instance [14]. In addition, there is currently great interest in
spin-related thermoelectric phenomena in nanoscale systems,
including also graphene nanostructures. It has been shown,
among others, that graphene nanoribbons with zigzag edges
can exhibit not only conventional but also spin thermoelectric1098-0121/2015/92(8)/085418(7)

ity [14]. The latter corresponds to a spin voltage generated by a
temperature gradient. Various physical phenomena associated
with thermally induced spin and heat currents are also of
current interest [35,36].
One may have observed recently the increased interest in the
ballistic transport regime [37,38]. This is due to the possibility
of a long mean free path ℓ in 2D electron gas [38], where
ℓ ≃ 3 μm has already been reached [39], and in graphene
nanoribbons, where ℓ > 10 μm has been reported [40]. The
main objective of this paper is a theoretical description of
thermoelectric and thermospin transport properties of ballistic graphene junctions. We calculate the thermoelectrically
induced charge and spin currents in a graphene ribbon of
length L, which is attached to two electronic reservoirs. The
ribbon length is assumed to be smaller than the corresponding
electron mean free path ℓ. The main focus of the paper is
on the spin effects due to spin-orbit interaction in graphene.
Since the intrinsic spin-orbit coupling in graphene is very
small, it is neglected here. In turn, the Rashba spin-orbit
coupling related to the influence of a substrate can be relatively
strong, and therefore it is included in our considerations. We
show that a temperature gradient in the presence of Rashba
spin-orbit coupling can generate in graphene not only a spin
current flowing perpendicularly to the temperature gradient
(spin Nernst effect) but also a spin density (spin polarization).
It is worth noting that a similar problem was considered in
a recent paper by Gusynin et al. [41], where the spin Nernst
effect in 2D materials with a buckled hexagonal lattice (like
silicene for instance) was analyzed theoretically. However, the
model considered in this paper was different, as the authors
included the intrinsic spin-orbit interaction and neglected
spin-orbit coupling of the Rashba type. It is worth noting that
the corresponding spin current can be also generated by an
external electric field (spin Hall effect) [42,43]. Similarly, spin
polarization can be induced by the electric field as well [41,44].
In Sec. II we describe the theoretical model. Numerical
results on the thermally induced charge and heat currents are
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presented and discussed in Sec. III. In turn, thermally induced
spin current and spin polarization of graphene is considered in
Sec. IV. A summary and final conclusions are given in Sec. V.
II. MODEL

We assume the relativistic Hamiltonian for electrons in
graphene with Rashba spin-orbit coupling,
Hk = vF τ · k + λ(σx τy − σy τx ),

(1)

where vF is the electron velocity in graphene, k = (kx ,ky ) is
a 2D wave vector, λ = α/2, and α is the Rashba spin-orbit
coupling parameter, while τ and σ are the vectors of Pauli
matrices defined in the sublattice and spin spaces, respectively.
Hamiltonian (1) describes low-energy electron states in the
vicinity of the Dirac point K of the corresponding Brillouin
zone. The Hamiltonian for the second nonequivalent Dirac
point, K ′ , can be obtained from Eq. (1) by reversing the sign
of the wave-vector component kx .
The electronic band structure described by Hamiltonian (1)
consists of four energy bands,

1/2
εkn = ±λ ± 2 vF2 k 2 + λ2
,
(2)

where n = 1 to 4 is the band index, with n = 1 (n = 4)
corresponding to the band of the lowest (highest) energy. Each
of the bands is parabolic at small wave vectors, k ≪ λ/vF ,
and has an almost-linear dispersion for k ≫ λ/vF . The
valence band corresponding to n = 2 and the conduction band
corresponding to n = 3 touch at k = 0, while two others
(n = 1,4) are separated by an energy gap of width equal to
2α.
We assume that the x axis is along the graphene ribbon
of length L, as shown schematically in Fig. 1. The ribbon
is wide enough to neglect size quantization. In turn, the
length L is smaller than the mean free path ℓ, L ≪ ℓ, so
electronic transport can be considered fully ballistic. For
simplicity, we neglect any scattering of electrons inside the
ribbon. Additionally, we assume that the graphene ribbon is in
contact at the ends with two 2D electronic reservoirs, which
generally have different temperatures, T1 and T2 , as indicated
in Fig. 1. Electrons in these reservoirs are described by the

FIG. 1. (Color online) Schematic of a ballistic junction consisting of a graphene ribbon of length L and two 2D electronic reservoirs.
The reservoirs have generally different temperatures, as indicated.

corresponding equilibrium Fermi-Dirac distribution functions,
f1,2 (εkn ) = [exp((εkn − μ1,2 )/kB T1,2 ) + 1]−1 ,

(3)

where μ1 and μ2 are the chemical potentials. Though we are
focused mainly on thermal effects, we assume that μ1 and μ2
can be different in a general situation. Thus, the electron system
in the ballistic regime can be described by the distribution
functions f1> (εkn ) and f2< (εkn ) for electrons moving from left
to right and from right to left, respectively. In the following
we use these distribution functions to calculate transport and
thermoelectric properties of the graphene ribbon, assuming a
purely ballistic regime.
III. THERMALLY INDUCED CHARGE
AND HEAT CURRENTS

Assume equal chemical potentials in the two electronic
reservoirs, μ1 = μ2 = μ, and different temperatures, T1 =
T + T > T2 = T . The former condition is relaxed only
when necessary. Below we calculate the charge current
due to the temperature difference (gradient) and, also, the
corresponding electronic contribution to the heat current.
A. Charge current

The charge current in the ballistic transport regime, flowing
along the axis x due to the difference T = T1 − T2 > 0 in
the reservoir temperatures, can be calculated with the formula
 ′
kn|v̂x |kn[f1> (εkn ) − f2< (εkn )],
j =e
(4)
n

k

where e is the electron charge, v̂x = vF τx is the electron
velocity operator, and the summation over the wave vector
k is restricted to the angles for which the x component of the
electron velocity, vxn = kn|v̂x |kn, is positive.
For definiteness, we assume that the chemical potential of
electrons is positive, μ > 0. It is clear that due to the electronhole symmetry, the results for μ < 0 can differ only in sign
from those for μ > 0. This is because the electron velocity
vxn is positive for kx > 0 in energy bands with εkn > 0 and
negative for bands with εkn < 0.
The thermoelectric current calculated as a function of
T is presented in Fig. 2(a) for different values of the
Rashba coupling constant α (including α = 0), while the
corresponding dependence on the chemical potential μ is
shown in Fig. 2(b). From Fig. 2(a) it follows that the magnitude
of current increases nonlinearly with T when T /T ≫ 1.
In the low-T limit, in turn, this increase is rather linear in
T .
Variation of the thermoelectric current with the chemical
potential μ is shown in Fig. 2(b) for a few values of the Rashba
parameter. Independently of the Rashba coupling strength, the
current vanishes for μ = 0, i.e., when the Fermi level is at the
particle-hole symmetry point. The particle and hole currents
then compensate each other. Consider now the dependence
on α and let us start with the case of no Rashba coupling,
α = 0. Since the particle current is higher (for positive μ) due
to the linear variation of the density of states with increasing
energy, the absolute magnitude of the current increases with
increasing μ. When μ  kT1 ,kT2 , the hole current is rather low
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becomes diminished and the dispersion relations tend to linear
ones.
In the linear response regime one may obtain some
analytical results. Indeed, in the limit of a small temperature
difference, T /T ≪ 1, one can use
f1> (εkn ) − f2< (εkn ) ≃ −

T
∂f
(εkn − μ)
.
T
∂εkn

Using Eqs. (3) and (5) we obtain

 π/2
e T  ∞
j =
dε
dφνn (ε)vn (ε) cos φ
2π T n 0
−π/2


∂f
×(ε − μ) −
∂ε



∞
∂f
eT 
,
dενn (ε)vn (ε)(ε − μ) −
=
πT n 0
∂ε

FIG. 2. (Color online) Thermoelectric current in the ballistic
regime as a function of T (a) and chemical potential μ (b) for
indicated values of the Rashba coupling parameter α, T = 1 K, and
for μ = 5 meV (a) and T = 14 K (b).

due to small contributions from the valance and conduction
bands (the former decreases with increasing μ). As a result,
the magnitude of current then increases with increasing μ.
When μ ≫ kT1 ,kT2 , then only conduction bands (degenerate)
contribute to the current and the current saturates at a constant
value which is independent of μ. Though the particle and
whole currents both increase with increasing μ, they do not
compensate each other and their sum remains constant.
When 0  α  kT1 ,kT2 , then the behavior of the current
with increasing μ is similar to that for α = 0 [see the curves for
α = 0 and α = 2 meV in Fig. 2(b)]. If, however, α ≫ kT1 ,kT2 ,
then a plateau in the current appears for kT1 ,kT2  μ  α.
When the chemical potential increases further, the current
increases when the bottom of the conduction sub-band at
μ = α is approached. When μ exceeds α, then a maximum
appears in the current, which is due to the enhanced density
of states at the bottom of the sub-band. This is because the
dispersion relation is then parabolic rather than linear. The
position of this peak roughly corresponds to the band edge of
the second conduction band, which appears at ε = α. When μ
increases further, the current decreases, approaching the value
for graphene with zero Rashba coupling. This is because the
influence of Rashba coupling on the electronic bands then

(5)

(6)

where νn (ε) and vn (ε) are the density of states and electron
velocity in the nth band, respectively. At rather low temperatures, kB T ≪ μ, only a small region of energy near ε = μ
contributes to the integral (6). In the case of 0 < μ < α and low
temperatures, kB T ≪ μ and kB T ≪ (α − μ), only the band
corresponding to n = 3 contributes to the thermocurrent. It
should be noted that in the case of an ordinary 2D electron gas
with a parabolic energy spectrum, the thermoelectric current
under these conditions is absent since the corresponding 2D
density of states, ν2D , is independent of the electron energy, and
thus the currents due to particles and holes compensate each
other, so the net current vanishes. In graphene, however, there
is a nonzero thermoelectric ballistic current, which is related to
the linear energy spectrum. This current is then equal to half of
the total current in the graphene without Rashba coupling [see
Eq. (8)]. Let us consider the case of μ > α. In this case there
are contributions from both n = 3 and n = 4 bands. Assuming
that kB T ≪ (μ − α) we find


eπ kB2 T T  ∂
j≃
[νn (ε) vn (ε)] .
(7)
15
∂ε
ε=μ
n

Since the energy dispersion in each band is parabolic near
the edge, the 2D density of states is the step function ν4 (ε) ∼
θ (ε − α), whereas the electron velocity v4 (ε) ∼ (ε − α)1/2 .
∂
Correspondingly, ∂ε
[νn (ε) vn (ε)]|ε=μ ∼ (μ − α)−1/2 , which
means that the thermocurrent increases when we decrease μ.
This growth stops at (μ − α) ≃ kB T . In other words, there is a
maximum in the dependence of the thermocurrent on μ. When
μ ≫ α, the influence of Rashba coupling disappears and the
current becomes equal to that in a graphene with zero Rashba
coupling, where there is a linear dependence of the density of
states on the energy, ν(ε) = ε/π 2 vF2 and v(ǫ) = vF . Then,
assuming that kB T ≪ μ, we find, for graphene in the ballistic
regime,
j=

ekB2 T T
.
152 vF

(8)

To compare the results for ballistic and diffusive junctions,
we note that Eq. (4) also gives the thermoelectric current in the
diffusive regime if we take T = L∇T and substitute L by
the mean free path ℓ, as it should be to match the ballistic and
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FIG. 3. (Color online) Comparison of the thermoelectrically induced current in the ballistic and diffusive transport regimes,
calculated for μ = 5 meV, T = 1 K, and α = 8 meV. The electric
current in the diffusive regime is proportional to the temperature
difference T .

diffusive results. Thus, if we keep ∇T = const and reduce
ℓ, i.e., if we go to the diffusive regime by increasing the
density of impurities, ℓ < L, we decrease the current. The
difference in the thermoelectric currents for ballistic versus
diffusive transport regimes is shown in Fig. 3. For the case
of diffusive transport we take ℓ = 100 nm. While in the
diffusive regime the thermocurrent increases linearly with
the temperature difference T , its increase with T in the
ballistic limit is faster and nonlinear.
One can also calculate the thermopower, or equivalently
the thermally induced voltage U between the reservoirs under
the condition of zero charge current, j = 0. To determine the
voltage U , one can use Eq. (4) with the distribution functions
corresponding to different electrochemical potentials, μ1 =
μ2 , as in Eq. (3). Then the voltage U can be determined
from the condition that the thermally induced current is fully
compensated by the field-induced current. The thermoelectric
voltage is then given as U = (μ1 − μ2 )/e. Results of the corresponding numerical calculation beyond the linear response
regime are presented in Fig. 4. As follows from this figure, the
thermoelectric voltage depends on the temperature difference
in a nonlinear way, similarly as the thermocurrent. In turn, the
dependence on the Rashba parameter is nonmonotonous and,
also, resembles the corresponding dependence of the charge
current.
B. Heat current

Employing the same method as that applied above in the
calculation of the thermoelectric charge current, one can also
calculate the heat current associated with transfer of electrons
between the two reservoirs. The corresponding formula for the
heat flux from the left reservoir (of temperature T1 ) to the right
one (of temperature T2 ) can be written in the form
JQ =

1  ′
kn|{(Hk − μ), v̂x }|kn
2 n k
×[f1> (εkn ) − f2< (εkn )],

(9)

FIG. 4. (Color online) Thermoelectric voltage as a function of
T , calculated for T = 1 K and (a) μ = 5 meV and indicated values
of the Rashba parameter α or (b) α = 5 meV and different values of
the chemical potential μ.

where {Â, B̂} for any two operators Â and B̂ is defined as
{Â, B̂} = ÂB̂ + B̂ Â.
The dependence of the heat current JQ on the temperature
difference T is presented in Fig. 5(a) for different values of
the Rashba parameter α. Similarly, as in the case of the charge
current, the heat current increases nonlinearly with T and,
also, depends nonmonotonously on the Rashba parameter α
[compare Figs. 2(a) and 5(a)].
Figure 5(b), in turn, shows the dependence of the heat
current JQ on the chemical potential μ. As follows from
this figure, the dependence on μ is linear at large values of
μ, μ ≫ α,kT1 ,kT2 , contrary to the behavior of the charge
current, which saturates at large values of μ [see Fig. 2(b)].
This difference appears because the contribution to the heat
current from a transferred electron depends on its energy,
ε ∼ μ, while the corresponding contribution to the charge
current is independent of this energy. As in the case of the
charge current, the heat current for small values of α varies
with μ similarly as in graphene with zero Rashba coupling
[compare the curves for α = 0 and α = 2 meV in Fig. 5(b)].
However, when α − μ > kT1 ,kT2 , the second conduction
sub-band (corresponding to n = 4) does not contribute to the
heat current. Surprisingly, the heat current is then higher than
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FIG. 5. (Color online) Heat current transmitted by electrons for
T = 1 K and indicated values of the Rashba parameter α, calculated
as a function of T for μ = 5 meV (a) and as a function of μ for
T = 14 K (b).

FIG. 6. (Color online) Thermoelectrically induced spin polarization for indicated values of the Rashba parameter and T = 1 K,
calculated as a function of T for μ = 5 meV (a) and as a function
of μ for T = 14 K (b).
A. Spin polarization

that for α = 0, contrary to the charge current, which is then
lower [compare Figs. 5(b) and 2(b)]. This is an interplay effect
of the increased density of states at the band edges due to
the Rashba coupling and of the fact that the charge currents
due to electrons and holes have opposite signs, while the
corresponding heat currents then have the same sign. The heat
current only weakly depends on μ for μ < α and then increases
with μ when μ > α, approaching the curve describing the heat
current in a graphene with no Rashba interaction.

IV. THERMALLY INDUCED SPIN POLARIZATION
AND SPIN CURRENT

As in the preceding section, we assume equal chemical
potentials in the two electronic reservoirs, μ1 = μ2 = μ.
Below we calculate the spin polarization of electrons in
graphene and the spin current, both induced by a temperature
difference T .

It is already well known that spin-orbit interaction in the
presence of either an electric field or a temperature gradient
can induce spin polarization of conduction electrons. This
effect has been studied theoretically for the usual 2D electron
gas with a parabolic energy spectrum and Rashba spin-orbit
coupling [45–47], as well as in graphene [44]. In the ballistic
junction considered in this paper, the spin density (measured
in units of /2) can be calculated using the formula
 ′
Sα =
kn|σα |kn[f1> (εkn ) − f2< (εkn )].
(10)
n

k

The corresponding numerical results are presented in Fig. 6,
where the thermally induced spin polarization along the axis
y, Sy , is shown as a function of T [Fig. 6(a)] and as
a function of μ [Fig. 6(b)]. The induced spin polarization
is in the graphene plane and is normal to the temperature
gradient, similarly as in the diffuse transport regime in
a 2D electron gas [47]. Obviously, the spin polarization
vanishes for α = 0. If α  kT1 ,kT2 , the spin polarization Sy
is negative and approaches 0 when μ ≫ α. In turn, when
α ≫ kT1 ,kT2 , then the spin polarization is also negative for
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FIG. 7. (Color online) Thermally induced spin currents Jxy and
Jyx for different values of α, calculated as a function of T for
μ = 5 meV and T = 1 K.

μ < α, but it changes sign around μ ≈ α, reaching a weak
maximum, and then tends to 0 for μ ≫ α, where the dispersion
relations become linear as in graphene with vanishing Rashba
coupling. The physical mechanism of the spin polarization
in graphene with Rashba spin-orbit coupling is also similar
to the mechanism of spin polarization in a 2D electron gas.
Indeed, there is a nonzero spin polarization of an electron
in the eigenstate |kn, which is perpendicular to the wave
vector k. The magnitude of this spin polarization is small for
k ≪ α/vF and is equal to its maximum value equal to /2
for k ≫ α/vF [48]. A nonzero spin polarization Sy appears
due to the imbalance of the distribution of electrons with
kx > 0 and kx < 0 [44]. In turn, the origin of the maximum is
similar to that in the case of the charge current, as discussed
above.
B. Spin currents

The temperature difference between the electron reservoirs
y
can also generate a spin current Jx flowing parallel to the
temperature gradient as well as a spin current Jyx flowing
perpendicularly to the gradient. Here the upper index indicated
the spin component associated with the spin current, while the
lower index indicated the orientation of the spin current flow.
Both components of the spin current can be calculated using
the same method as in the case of the charge current. The
relevant formula now takes the form
1  ′
Jiα =
kn|{σα ,v̂i }|kn[f1> (εkn ) − f2< (εkn )]. (11)
2 n k
Taking into account the contributions from a particular
quantum state to both spin current components and integrating
y
over all incidence angles, one can show that Jx = −Jyx . Indeed
this was also proven numerically, by calculating the currents
y
Jx and Jyx from Eq. (11).
y
The numerical results for both Jx and Jyx calculated as
a function of the temperature difference T are presented
in Fig. 7, and those as a function of the chemical potential
y
μ in Fig. 8. The mechanism of a nonzero component Jx

FIG. 8. (Color online) Thermally induced spin currents Jxy and
Jyx for different values of α, calculated as a function of μ for T =
14 K and T = 1 K.

is related to the spin polarization of electrons due to the
temperature gradient and Rashba spin-orbit interaction, as
calculated and discussed above. These spin-polarized electrons
are transferred between the two electron reservoirs, giving
y
rise to the spin current Jx . In turn, the other spin current
x
component, Jy , corresponds to the thermally induced spin
Hall effect, also called the spin Nernst effect [41]. This
effect consists in a spin current generation by a temperature
gradient. The induced current flows then perpendicularly to
the temperature gradient.

V. SUMMARY

We have analyzed thermoelectric and thermospin effects
in a ballistic graphene ribbon attached to two electronic
reservoirs of different temperatures. The graphene ribbon was
assumed to be deposited on a substrate that generated a strong
spin-orbit coupling of the Rashba type. We have calculated
not only the thermally induced charge current between the
two reservoirs and the associated thermoelectric voltage, but
also the thermally induced spin polarization and spin current.
Numerical results on the charge current show that the current in
the ballistic regime is significantly higher than in the diffusive
one.
The spin current, in turn, is shown to have two components. One of them is related to the thermally induced spin
polarization of electrons transferred from one reservoir to the
other, while the other one reveals the spin Nernst effect, i.e.,
the thermally induced spin Hall effect. We have also calculated
the heat transferred by ballistic electrons from the reservoir of
higher temperature to the reservoir of lower temperature.
In our calculation we used various values of the parameter
α. As is known, the magnitude of the Rashba spin-orbit
interaction depends on the substrate. In some cases it can
be very strong, for example, α = 225 meV for graphene on
Ni(111) [49], α = 100 meV for graphene on gold [50], and
α = 50 meV for graphene on Ir(111) [51].
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